EXTENSIONS OF C*- ALGEBRAS AND TRANSLATION INVARIANT 
ASYMPTOTIC HOMOMORPHISMS 
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Abstract. Let A, B be C*-algebras; A separable, B er-unital and stable. We introduce a 
notion of translation invariance for asymptotic homomorphisms from SA = Cq(M) <g> A to B 
and show that the Connes-Higson construction applied to any extension of A by B is homo- 
topic to a translation invariant asymptotic homomorphism. In the other direction we give a 
construction which produces extensions of A by B out of such a translation invariant asymp- 
totic homomorphism. This leads to our main result; that the homotopy classes of extensions 
coincide with the homotopy classes of translation invariant asymptotic homomorphisms. 



1. Introduction 

The excision properties of the E-theory of Connes and Higson hinges on a fundamental con- 
struction, introduced in [I], which associates an asymptotic homomorphism SA — > B to an 
extension of the separable C*-algebra A by another cx-unital C*-algebra B. This construction 
transforms an extension into something which seems to be of a different nature, in much the 
same way as the Busby-invariant transforms extensions, viewed as short exact sequences of 
C*-algebras, into ^-homomorphisms. Both constructions have turned out to be very useful for 
the study of extensions of C*-algebras, and in this way also for many other purposes. But 
while it is easy to see that the Busby-invariant holds all relevant information on the extension, 
it is far more difficult to decide how much information is lost when considering the asymptotic 
homomorphism arising from an extension, rather than the extension itself. This question is 
quite intriguing because the approach to the study of extensions which is based solely on the 
Busby-invariant, i.e. the approach developed by Brown, Douglas and Fillmore in and later 
in higher generality by Kasparov [S], is now known to have serious deficiencies: It may not have 
a group structure, 0, not even in cases where the homotopy classes of extensions do have such 
a structure, [TU]. In our previous work, [TTJ[T3], we have been able, in certain cases, to deter- 
mine exactly which structure the asymptotic homomorphism arising from the Connes-Higson 
construction encodes. But the general case has escaped us, and the results of the present paper 
show why. As we shall explain the asymptotic homomorphism SA —>■ B has a property which 
has been overlooked so far; it is namely translation invariant in the sense that a shift in the 
parameter of the asymptotic homomorphism corresponds exactly to a shift of the same amount 
in SA. This observation shows that the parameter of the asymptotic homomorphism is not just 
a structureless dummy, whose only raison d'etre is to approach infinity without actually getting 
there, but that it has a serious relationship to the C*-algebra SA on which the asymptotic ho- 
momorphism is defined, at least when it arises from the Connes-Higson construction. Besides 
making this observation precise, we will show that this additional structure of the asymptotic 
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homomorphism is exactly what is needed in order to recover the extension, showing that there 
are no more surprises to be uncovered. 

Let A and B be C*-algebras. We say that a one-parameter family of maps, ip = (V't)teK : A ^ B, 
is an asymptotic homomorphism when (ipt)te[i,oo) is (in the usual sense, [I]) and lim^_oo -0(a) = 
for all a G A. is uniformly continuous when the function t \— > ipt{ a ) is uniformly continuous 
for all a G A, and equi- continuous when the family of maps ip t : A — > 5, £ G R, is. 

Let r = (r s ) seK be the action of R on SA = C (R, A) by translations, 

r s (f)(t) = f(t-s), feSA, 

and consider an asymptotic homomorphism if> = (ip t )t&R '■ SA — > B. We say that ip is asymptot- 
ically translation invariant when lim^oo ip t -s{f) — 0* ° Ts(/) = for all s G R and all / G 5A, 
and translation invariant when is equicontinuous, and 

i>t°T s = Ipt-s 

for all t, s G R. Two (asymptotically) translation invariant asymptotic homomorphisms, (p and 
■0, are homotopic when there is a (asymptotically) translation invariant asymptotic homomor- 
phism $ : S*A — > J_B(= C[0, 1] <g> -B) such that evi o$ 4 = and ev o$ t = ^ for all t G R, 
where ev s : IB — >■ £? denotes evaluation at s G [0, 1]. We denote by [[SA, B]] T the set of homo- 
topy classes of translation invariant asymptotic homomorphisms SA — > B, and by [[SA, -B]] a , T 
the set of homotopy classes of asymptotically translation invariant asymptotic homomorphisms 
SA — > i?. There is then a natural map 

[[SA,B]] T ^[[^,B]] s , r 

It will be a corollary of our main result that this map is an isomorphism of abelian semigroups 
when A is separable and B a-unital and stable. 



2. From extensions to translation invariant asymptotic homomorphisms 

Let A and B be C*-algebras; A separable, B cx-unital. The multiplier algebra of B will be 
denoted by M{B) and the generalized Calkin algebra M(B)/B by Q{B). Let ip : A —> Q(B) 
be an extension. We choose 

a) a strictly positive element bo G B such that < bo < 1, 

b) a continuous and homogeneous lift s : A — > M(B) of 0, and 

c) a sequence h < hi < h 2 < ■ ■ ■ of functions in C (0, 1], 

such that 

d) h n+ \h n = h n for all n, 

and the sequence u n = h n (b ),n = 0,1,2, ... , has the properties 

i) linin^oo u n s(a) — s(a)u n = for all a £ A, and 

ii) linin^oo u n b = b for all b G B. 
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This is possible by the arguments that prove the existence of quasi-central approximate units, 
[J]- {'"nj^o i s a un ^ sequence in the sense of [IT] and [T2j . 

We set Ao = a/uo and A n = y/u n — u n -\, n > 1. A crucial observation is that thanks to i) we 
have that 

AjAj = 0, when \i-j\>2. (2.1) 
Let to < t\ < ti < . . . be a sequence in [0, oof such that 

hi) lim^ootn = oo, 

iv) lim^oo t n - t n+1 = 0. 

The following lemma appears in [T2] . 

Lemma 2.1. For any norm-bounded sequence {mj} C M(B), and for any k G N, i/ie sttm 
J^°l Aj-mjAj+fe converges in the strict topology to an element of M(B), and 



Furthermore, YlTLo ^j m j^-j+k £ -B u>/ien lim,,^ c 



< 



sup \\mj\ 

j 



\rriA 



0. 



(2-2) 



For each t G R, define <£> t : SA —> B by 

oo 

^(/)=^A jS (/(t-t J ))A r 

i=o 

The sum converges in norm because lim^oo s (f(t — tj)) = 0, cf. Lemma [2. II 

Since s is homogeneous and continuous at 0, there is an L > such that ||s(a)|| < L\\a\\ for all 
a G A. It follows that 

ht(f)\\< L\\f\\ (2.3) 

for all / and t, cf. Lemma [2. II 

Lemma 2.2. (<^t) tgR is a translation invariant asymptotic homomorphism. I.e. 

A) (v 9 *)te[ooo) ^ s an asymptotic homomorphism, 

B) ^or s = ^t-s for all t, s G R, 

C) lim^_ oc <^(/) = for all f G SA, 

D) zs equicontinuous . 

Proof. B) is a trivial observation and C) follows from Lemma f2. II since lim a ,^_ 00 s(f(x)) = 0, 
so it remains to prove A) and D). We begin with A): Let f,gE SA and let e > 0. By uniform 
continuity of the map x h- > s(o(x)), there is a 5 > so small that \\s(g(x)) — s(g(y))\\ < e when 
\x — y\ < 5. Choose iV 6 Nso large that tj — tj-i < 5 when j > N. Since lim^oo s(k(t — tj)) = 
for all j G N and all k G 6M, there is then a T 6 N so large that 



j=N 



< e, 



Vt (g)-J2A jS (g(t-t,))A 3 

j=N 



< e, 



and 



j=N 



< e 
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when t >T. In what follows we use the notation a ~ e b when ||o — 6|| < e. Then 

<Pt(f)<Pt{g) 

CO CO 

E A i s - A ? s (9(t - t^Aj + E A i s (fit - tj)) AjA j+1 s (g(t - t j+1 )) A j+1 

j=N j=N 

CO 

i=7V+l 

when t >T. It follows from i) that if iV is large enough, then 

sup || [A 2 j} s (g(x)))] || < e, sup||[AjA 3 - ± i,s(^(x))]|| < e, 

when j > iV. So by increasing iV if necessary, we may assume, thanks to Lemma 12.11 that 

CO CO 

E A ^' s (/(* - £ i)) A ? s (9(t ~ tj)) A i + E A ^' s ~ £ i)) A A'+i s - A .+i 

oo 

+ E A i s (/(* - A A-i s (s(t - Vi)) A i-i 

i=7V+l 



E A 3 -s (/(* - s (</(* - t,)) AJ + E A ^ (/(* - tj)) s (9(t ~ tj+i)) &A 2 j+i 

j=N j=N 

oo 



+ E A J s{f{t-t J ))s{g{t-t^ l ))A J A)_ 1 

j=N+l 



when t >T. It follows from ii) that 

lim sup || A) [s(f(x))s(g(x)) - s(f(x)g(x))}\\ = 



so by increasing N further, and using Lemma \2. II again, we can arrange that 

CO CO 

E A jS (f(t - tj)) s (g(t - tj)) Aj + E Ajs (f(t - tj)) s (g(t - t j+1 )) A,-Aj +1 

j=N j=N 



+ E A i s (/(*-^)) s (^-*i-i)) A A 2 -i 



j=iV+l 



E A,s (f(t - tj)g(t - tj)) Af + E ^ (f(t - - t i+1 )) A,-AJ +1 

j=N j=N 

oo 

+ E A j s (f( t - t Mt-t j -i))A j A^ 1 . 

j=N+l 
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when t >T. By using iv) we can also arrange that 

oo oo 

E A iS (f(t - tj)g(t - tj)) AJ + E A j s (/(* ~ ti)9(t ~ A A'+i 

j=N j=N 



+ E A i s (/(*-*iM*-*i-i)) A i A ?-i 



j=JV+l 

oo oo 

~e E A,-a (/(* - ti)g(t - t,)) A 3 j + £ A j' s (/(< - Wgtt - %)) A A+i 

J=JV j=JV 

oo 

+ E A i s (/(*-^M*- £ i)) A A 2 -i 

j=N+l 

when t >T. Since A| + AjA| +1 + A J A|_ 1 = Aj, we can finally arrange that 

oo oo 

E A ^ (/(* - - *i)) A ? + E A ^' s (/(* - - *i)) A ^ A ?+i 

j = N j=N 



+ E A ; s (/(*-%M*-*;)) A A 2 -i 



oo 

when t >T. All in all it follows that there is a T G K so that 

<Pt(f)<Pt(9) ~{\\f\\+\\9\\)Le+5e <Pt(f 9) 

for all t >T. The asymptotic linearity and self-adjointness of <p follows in the same way 

D): Let e > 0. For each x G A, 5 > 0, let B(x, 5) = {a G A : \\a — x\\ < 5}. Since K = 
is a compact subset of A, and s is continuous, there are finite sets, {xi,X2, ■ ■ ■ ,xn} Q K and 
{5i,S 2 , ■ ■ ■ ,S N } C]0, 1[, such that K C (j£Li B(xi,5i) and a, 6 G 5(^,2^) ||s(a) - s(6)|| < e 
for all i Set 5 = minj^, 5 2 , . . . , 5jy}. It follows then from Lemma f2. II that when g G SA and 
||/ - (/|| < 5, then ||^(/) - <p t (g)\\ < e for all t G E. 

The next aim is to show that up to homotopy of translation invariant asymptotic homomor- 
phisms, ip depends only on ip. 

2.1. Independence of the choice of {t n }^ =0 . When {t' n }'^ ) =0 is another sequence in [0, oo[ 
such that iii) and iv) hold, we define $^ : SA — > B by 

oo 

^(f) = E - xt > - (! - A )*;) A- 

To see that [0, 1] 9 A i— > <&t(f) * s continuous, let e > be given. Since fimj_ +0 o£j = lim^oot'- = 
oo, there is an JV such that - J2f =0 Ajs(f(t - Xtj - (1 - A)^))Aj < e for all A G [0, 1]. 

Since [0,1] 3 A h- > ^2j =0 A js(f(t ~ At,- — (1 — \)tj))Aj is clearly continuous, we see that 
[0, 1] 9 Ah &t(f) 1S continuous. 
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We can then define $ t : SA -> 75 (= C[0, 1] ® 5) such that 

oo 

$ t (/)(A) = $, A (/) = &Af(t - Mj - (1 - A)t;))A r 

The arguments that proved Lemma 12.21 show that $ = ($t) tgR is a translation invariant as- 
ymptotic homomorphism. It clearly defines a homotopy of translation invariant asymptotic 
homomorphisms connecting the translation invariant asymptotic homomorphisms arising from 
the two choices of sequences {t n }'^ =Q and {t' n }^ =0 . 



2.2. Independence of the choice of unit sequence. Let go < g\ < g% < . . . be another 
sequence of functions in C (0, 1] such that d) holds, and v n = g n (b ),n — 0,1, ... , satisfies i)-ii). 
We can then find a third sequence ko < k\ < k 2 < . . . in Cq(0, 1] such that d) holds and the 
sequence w n = k n (b ), n = 0, 1, 2, . . . , also satisfies i)-ii), and at the same time that 



for all n. Set d n = 1 - Y%Ln+i 2_i ' n = 0, 1, 2, . . . , and define W n G C[0, 1] ® B such that 

{w n , A G [0, d n ], 

A G [dn+i, 1]. 

Define $ t : -> IS such that 

oo 

<W) = %/Wbs(/(< - to)) + E V 7 ^' - W~Mf(t ~ tj^y/Wj-W^. 

The arguments of Lemma 12.21 show that $ = ($t) teK is a translation invariant asymptotic 
homomorphism, so it gives us a homotopy of translation invariant asymptotic homomorphisms 
connecting the translation invariant asymptotic homomorphisms arising from the two choices of 
sequences {u n }^ =0 and {w n }™ . Using {v n }^ =0 instead of {u n }^ =0 in the construction of $, we 
get a homotopy of translation invariant asymptotic homomorphisms connecting the translation 
invariant asymptotic homomorphisms arising from the two choices of sequences {v n }'^ ) =0 and 
{w n } c ^ = Q. By transitivity of homotopy, we see that the two translation invariant asymptotic 
homomorphisms arising from {v n }%L and {u n }^ =0 are homotopic. 



2.3. Independence of the choice of strictly positive element b . Let b' be another strictly 
positive element of B. Then 

c (A) = Xb + (1 - X)b' 

is a strictly positive element of IB. Constructing an asymptotic homomorphism SA — > IB from 
Co as in Lemma l2~2l we obtain a homotopy of translation invariant asymptotic homomorphisms 
connecting two translation invariant asymptotic homomorphisms SA — ► B; one arising from 
the construction by use of bo, the other by use of b' . 
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2.4. Independence of the choice of section s. When s' : A — » M(B) is another continuous 
and homogeneous lift of ip we can choose the sequence ho < hi < h 2 < . . . such that 

lim 8vv\\Aj{s{f(x))-sr(f(x)))\\ = 
for all / G SA. It follows then (from Lemma 12 .lj) that 



lim 

t— *oo 



- h)) A j - E V(/(* - *i))A* 

J'=0 j=0 



for all / G 5A 



2.5. Homotopy invariance. Let ip' : A — > Q(B) be an extension weakly homotopic to ip. 
Then there exist an extension ^ : A — > Q(IB) with evaluation maps at the endpoints coin- 
ciding with ip and ip', respectively. Once more, constructing an asymptotic homomorphism 
SA — > IB from \1/ as in Lemma 12.21 gives us a homotopy of translation invariant asymptotic 
homomorphisms. 

We can now summarize in the following: 

Theorem 2.3. The homotopy class of the translation invariant asymptotic homomorphism (f 
of Lemma \2. 6 ^ depends only on the weak homotopy class of if) in the set of extensions of A by 
B. 

In other words, if we denote by Ext ft (A, B) the (weak) homotopy classes of extensions of A by 
B, the formula (j2.2j) gives rise to a map 

CH T : Extft(A,B) -> [[SA, B)] T . 

3. Relation to the Connes-Higson construction. 

In this section we show that up to homotopy CH T (ifi) agrees with the Connes-Higson construc- 
tion CH(if)), as it was introduced in ^j. 



Let 



and 



cone = {/ G C 6 (M) : lim f(t) =0, and lim f(t) exists }, 
J = {/ G C b (R) : lim f{t) exist }. 

t— >±oo 

Then the sum 

oo 
i=0 

converges in the strict topology to an element A t (/t) G M(B) for all t G K and every h G J, cf. 
Lemma 12.11 

Note that At : / — * M(B) is a linear completely positive contraction for all t. We claim that 

lim X t (f)X t (g) - Xt(fg) = (3.1) 

t— >oo 
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for all f,g G I. To see this, observe that 



CO CO 

(EAj/(*-*i))(E A iW-*i: 



3=0 3=0 



E A i/(* - - *i) + E A ? A ?+i/(* - - 

i=o i=o 



CO 



If i is big enough, 



and 



+ E A ? A ?-i^ - Wg{t - tj-i) (by i3D; 

3=1 



sup \f(t - tj)g{t - t j+1 ) - fit - tj)g(t - t 3 )\ < e 

j>0 



sup \f(t - tj)g(t - tj-i) - f(t - t,)g(t - tj)\ < e. 



Hence Lemma [2. II shows that 



X t (f)X t (g) E A ^(* " f Mt ~ tj) + E A ? A l+i/(* " tiM* ~ *i) 

3=0 3=0 

CO 

~E A J A " 0) 

= A*(/ ff ) 

for all large enough t, i.e. (13. 1|) holds. Note that \ t or s = X t - S . Furthermore, it is obvious that 
lim t _ ) _ 00 X t (f) = for all / G S = C (M), and that lim^ ±00 X t (g)b = g(±oo)b for all 6 G 5 and 
all g E I . In fact, lim^_ 00 A t (/i) = h(—oo), in norm. Furthermore, A t (/) — /(— oo)l G -B for 
all t, f. To sum up: 

Lemma 3.1. There is a completely positive and translation invariant asymptotic homomor- 
phism A = (At) t6M : / — > M(B) such that 

1) A t (/i) = £°1 A ^ -*;),* e R, A e J, 

2) X t (h) - /i(-oo)l G 5, * G M, /i G I, 

3) X t or s = A 4 _ s , t,s £R, 

4) lim^-oo X t (h) = h(-oo)l, he I, 

5) lim^oo X t (h)b = h(oo)b, h G I,b G -B. 

Since A is separable there is a compact subset ICi with dense span in A. 
Lemma 3.2. The sequence h < hi < h 2 < • • • can 6e chosen so that 

oo 

Ell [A„, a(a)] || <oo (3.2) 

n=0 
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for all a G X , and 

oo 

s(a) - Ajs(a) A J G 5 (3.3) 

for all a £ A. 

Proof. As is well-known there is a sequence 5\ > 5 2 > S3 > . . . in ]0, 1[ such that 

b G B, < b < 1, ||6s(o) - s(a)6|| < 5 n Va G X ||V&s(a) - s(a)>/&|| < 2" n Va G X. 

If we therefore choose h n , as we can, such that ||u n s(a) — s(a)u n \\ < 5 n for all n G N and all 
a G X , we find that (E3 holds. Note that 



for all a G A, with strictly convergent sums. It follows from ()3.2)1 that the last sum is convergent 
in norm when a G X, so that s(a) — Yl'jLo A i s (°) A j ^ ^ f° r a ^ a G X. Since s is linear modulo 
B and since X spans a dense subspace of A, we conclude that s(a) — YlTLo A i s ( a ) A i e ^ f° r 
all a G A. 

Let k : E — ►](), 1[ be a continuous increasing function such that lim^„ 00 = and 
linit^oo = 1. Set 

00 

j=0 

Lemma 3.3. Assume that h < hi < h 2 < . . . is chosen so that \3. ty) and \3. 3]) hold. Then 

a) lim^.oo^ = 0, 

b) lim^oo v t b = b for all b G B, 

c) lim^oo v t s(a) — s(a)v t = for all a G A, 

d) lim^oo g(v t )s(a) - tp t ((g o k) <g> a) = /or a// G C ]0, 1[, a G A. 

Proof, a) follows from Lemma \'2. II because lim x ^_ 00 k(x) = 0. b) : Let b G B and e > be 
given. There is an N so large that u^b ~ e 6. Since 

AT+l AT+1 

lim Vtu^b = lim > A^«(t — tAu^b = > A^u^b = u^b, 

3=0 j=0 

we conclude that w t 6 ~3 e 6 for all t large enough. 

c): Since s(a) — Yl'jLo A j s (°) A j ^ ^ f° r an « G A, it suffices, thanks to b), to show that 



\imv t [Y,A r s(a)A 3 - J^A^A,- ] v t = 0. (3.4) 

i=0 / V.; (I 



Let e > 0. Choose a 5 > so small that x,y G R, |x — y\ < 5 => \k(x) — n(y)\ < e, and 
let K G N be so large that t n+2 — t n < 5 when n > K — 1. Set k = 1 — k and note 
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that 1 — v t — ^]°^ Aj/t (t — tj) Aj. Since linx^oo = there is a T G 1 so large that 
1 — Vt — Yl'jLx A"jk(t — tj) < e when t >T. It follows that 



(1 -v t )iJ2 A j s ( a ) A j ~L\\a\\e Yl (Aj«(i - tj) + Aj.^t - tj^) + A 2 j+1 k(t - A J -s(a) A 3 
\i=o / j=if 

oo 

~3L||a||e ~ tj)A j s(a)A i 

j=K 

for all large enough t. Similarly, we find that 

' oo \ oo 

y^A i g(q)A j J (1 - u t ) ~4L|[ a ||e ^ ~~ tj)A j s(a)A i 

vi=0 / j=K 

for all large enough t. Hence (|3.4|1 holds. 

d) : We may assume that a G X. Since s is homogeneous, we find that 

too \ oo 

j=0 J j=0 

Since Xlfco II t s ( a )' A j] II < °°' ^ follows easily that 



lim 

t— »oo 



<Pt((# o k) ® a) - A|p o «(t - tj) s{ 



d=o 



0. 



By Lemma 13. 1\ Xt(h) = Y^jLo ° — gi ves us an asymptotic homomorphism A : 
C„(0, 1] -> B. It follows that 

{/i G C (0, 1] : lim fc(v t ) - X t (h) = 0} 



t^oo 



is a C*-subalgebra of Co(0, 1]. Since it contains the identity function it must be all of Cq(0, 1], 
so we conclude that 



lim 

t^oo 



3=0 



0. 



In conclusion: Let CH(ip) : S'A — >• 5 be the asymptotic homomorphism arising from the 
Connes-Higson construction introduced in [3]. Then CH{ip) is homotopic to a translation 
invariant asymptotic homomorphism. 

4. From translation invariant asymptotic homomorphisms to extensions. 



In this section we construct an inverse of CH T . 

Let /3 G Co(M) be a continuous function with support in [—1, 1] such that 

Po(t)>0, tG]-l,l[, 



(4.1) 



ri(A))T_i(A)) = o 



(4.2) 
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and 

One choice of (3 could be 



(4.3) 



0. 



\t\ > 1, 



Po(t) = {i + t, te]-i,o], 

l-t, tG[0,l[. 

When i 6 Z, i ^ 0, set $ = t_j (/? )- Then {Pi} ieZ is a partition of unity in C (K.) such that 
Pi is supported in [— i — 1, — i + 1]. Set ctj = a/A, and note that 



aja,- = 0, \i — j\ > 2. 



(4.4) 



Let tp = {iptjtem. '■ ^A ^ B be an asymptotically translation invariant asymptotic homomor- 
phism. For convenience we assume that <ft{0) = for all t. Then 

(fi (Ti(ai(Xj) <S> a) = when \i — j\ > 2, (4.5) 

for all a G A. Let IK be the C*-algebra of compact operators on Z 2 (Z), and let e^,z,j G Z, be 
the standard matrix units in K. 

Define % : A -> M(£ ® K) by 



"13 • 



1,3 « 



The sum converges in the strict topology because of (|4.5|) and sup^- \\<fi (7* (c^a,) <8> a)|| < 00. 
Let gs^K : M(B (g) K) — > Q(-B ® IK) be the quotient map, and set $ = qB®K ^*o- 

Lemma 4.1. $ is an extension of A by B ® K ; i.e. $ G Hom(A, ® K)). 



Proof. Let a, 6 G A. We check that $(a)$(6) = $(ao). Using (j4.5j) we find that 

||$(a)$(6) - $(afe)|| 



(4.6) 



< 3 lim sup 



</?i (r^ajOfc) ® afo) - 2J </?i (Ti(aiOj) ® a) y^- (Tj(aja k ) <%> b) 



\i\>K,\k-i\<3 

Using (|4.5|) again we find that 

2j V 9 * (^(a^) <g> a) (^(ajttfc) <8> 6) 

= <fii (niaf) <g> a) (n(aiajfe) <g> 6) + tpi (ri(a»ai_i) <S> a) </?»_i (ri_i(ai_iajfe) <g> 6) 
+ (^(oitti+i) ® a) Vi+i (T i+1 (a i+1 a k ) ® 6) 

= (a 2 , (8) a) <y9j (a a/c-i <E> ft) + («o«-i ® a) <^_i (a afc-;+i ® & ) 
+ (aoai ® a) v^i+i (a a fe _i_i ® 6) . 
Since if is translation invariant, we have that 



lim sup \\ipi (a a-i <8> a) <A-i (ao«fc-i+i <8> &) - fi («oa-i ® a) V 9 * (a-iafc-i <8> &) || =0 

|fe-i|<3 



and 



lim sup (ototti ® a) <^+i ("oafc-i-i ® 6) - ("oai ® a) <Pt (aiajt-i ® &) || = 0. 

|fe-i|<3 
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It follows that 

lim sup \\y (fii (Ti(otiaj) (g> a) ipj (Tj(atj(Xk) <S> b) 

™|fc-<[<3"^ 

—tpi ((a ala k _i + a a-i«fc-i + «o«i«fc-i) <8> ab) 
Since a a o a fc-j + ^oc^i^fc-i + «o a i a fc-j — r i («i«fc) by ()4.3|) . we see that 



lim sup 

i_>0 ° |fc— <[<3 



^ (r^aittj) <g> a) ^ (r^ct/afc) <g> b) - fi (Ti(aia k ) <g> ab) 



0. 



(4.7) 



By using that lim^.oo ft(f) = for all / G SA, we find easily that 



lim sup 

|fc-j|<3 



a) (rj-(aja fc ) <g> 6) 



(4.8) 



lim sup ll^Pj (Tj(ajO!fc) ® a&) | 

|fe-i|<3 



0. 



By combining ()4.6j) . ()4.7j) and ()4.8|) . we conclude that $(a)$(6) = $(a&). It can be shown in a 
similar way that $ is linear and self-adjoint. Thus $ is an extension of A by B ® K. 

The extension $ of Lemma f4. II will be denoted by /(y?). It is clear that the construction gives 
rise to a well-defined map 

I :[[SA,B)] a!T ^Ext h (A,B®K) 

such that I [(p\ = [1(f)]- 

Remark 4.2. At first sight it may seem odd that 1(f) only depends of the 'discrete part' of 
the asymptotic homomorphism f\ i.e. of f z ,z G Z. This is not so strange because a discrete 
translation invariant asymptotic homomorphism ip, as defined in the obvious way, determines 
a unique element in [[SA, B]] ajT via the formula 

A = ip[t] °m-t- 

Remark 4.3. We want to point out that the / construction, considered as a map [[SA, B]] ajT — > 
Ext ^ (A, B g) K), can be wrapped in other, maybe more familiar guises: As pointed out in 
Remark 14.21 there is nothing lost in thinking of f as a translation invariant discrete asymptotic 
homomorphism, and then the discrete version of the M-construction from [7] gives us a Z- 
extension E of SA by Co(Z, B). The crossed product E x Z is then an extension of C(T) <S>K® A 
by B (gi K. The pull back of this extension along the homomorphism a 1— > e £g> a, where 
e G C(T) (8) K is a projection which generates Kq(C(T) £g> K) ~ Z, gives us an extension of A 
by I? (g> K which is homotopic to 1(f). Alternatively, the I map can be realized via the genuine 
M-construction, using crossed products by K. 

Lemma 4.4. Let s : B — > B ® K be the stabilizing * -homomorphism, s(b) = b £g> eoo, and let 
s : Q(B) — > Q(-B(8>K) fre i/ie embedding induced by s. Define : Extft(A, B) — ► Extft(A, i?(E>K) 
swc/i i/iat s*[</?] = [sop], T/ien t/ie diagram 



Ext h (A,B) 



Ext h (A,B® 



CH T 



[[SA,B]] a , 
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commutes. 

Proof. We adopt the notation from above and from Section 121 Let (p : A — > Q{B) be an 
extension. Then I o CH T [tp] is represented by the map 

too 
^ ^ Alaiaj(-t k )s(a) <8> e i3 

We may assume that there is a compact subset IQ with dense span in A such that 

oo 

^||[A,, S (a)]||<oo (4.9) 

fc=0 

for all a G X, cf. Lemma f3 .21 Let A : I — > -B be the completely positive asymptotic homomor- 
phism At(/i) = X]jlo^j^(^ — LemmaEHJ Then 

^ ^ A^a»a 3 -(-ijfe)s(o) <g> e^- J = q B ®K I ^ A (a i a i )s(a) <g> e* 
u,iez fc=o / \i,jez 

Since linifc^ooifc — tk+i = 0, there is an N G N so large that — £fe+i| < N for all k. Since «o 
is supported in [—1, 1], it follows from (|2.1|) that 

oo 

X i (a )X j (a ) = ^ A fc A ^ a o(^ ~ ^) a o(i — t z ) = 

fc,«=0 

when \i — j\ > N + 3. Hence 

sup ||Ao(a i a j ) - A (aj)A (<x,)|| = sup ||Aj(a aj-i) - A i (a )A i (a i _ i ) || 

i i 

tends to as i tends to ±oo. It follows that 

Q.b®k I ^2 A (ai%)s(a) <g> ey | = g B ®K I ^ A i (« )A i (ao)s(a) <8> 
Set 

where the sum converges in the strict topology. By using that ^j eZ Aj(a ) 2 = 1, with conver- 
gence in the strict topology, we see that VV* = 1 <E> e o G M(B ® K). Note that 

V* (s(a) ® e 00 ) V = ^ K(ao)s(a)X j (a ) <g> e„. 

It follows from ()4.9|) that lim^oo Ai(ao)s(a) — s(a)Aj(ao) — for all a & X. Since 
lim^-oo Aj(ao) = 0, we conclude that 



(s(a) <g> e 00 ) V = ^ k(a )\j(a )s(a) ® 



modulo 5 <g> K for all a G X. Then ?7 = ( 1_ ^ y * ) G M 2 (M(5 ® K)) is a unitary such 
that 

q M2 (Bm) (Ad£/ o (*W J) = g A/2(B0K) ( s W® e °° J (4.10) 
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for all a G X. Since X spans a dense set in A, (j4.1U|) holds for all a G A. Now the lemma follows 
because U can be connected to 1 in the strict topology, by a path of unitaries in M(M 2 (-B®K)). 

Lemma 4.5. Let (p = (<£>i) tgR : SA —>■ B be an asymptotically translation invariant asymp- 
totic homomorphism. It follows that there is a homogeneous equi- continuous and uniformly 
continuous asymptotic homomorphism if) = (ipt)tm '■ SA — > B such that 

1) lim^ ifj t (f) - ¥>*(/) = for all f G SA, 

2) lim^oo sup sGX \\fa- s (f) — fa ( r s(/))ll — for all f G SA and all compact subsets K C 
R, 

3) limt^_oo^(/) = for all f G SA. 

Proof. Let X = {/ G C 6 (R, 5) : lim^-oo /(*) = 0} and X = {/ G X : linw /(t) = 0}. 
Define an automorphism 9 X of X such that 9 x (f)(t) = fit — x), and note that 6 X leaves X 
globally invariant, so that 9 X induces an automorphism of X/Xq which we denote by 9 X again. 
Let $o : SA — > X be the map $o (/)(*) — ft(f)- Let q : X — » X/X be the quotient map, 
and note that $ = q o $ is then an equivariant ^-homomorphism. Let Xr denote the C*- 
subalgebra of X consisting of the elements / G X for which x i— > ^(/) is continuous. It follows 
from Theorem 2.1 of [TH] that $(SA) C g(X K ). Let L : g (Xr) — > X K be a continuous and 
homogeneous right-inverse for g : X R — > g (X K ), and set — Lo $(/)(£). Then ^ = (^t) teM 

is an equicontinuous and homogeneous asymptotic homomorphism such that lim^ 00 ^(/) — 
<ft(f) = 0, lim^-oo ip t (f) = and 

limVt(r a (/))-^_ a (/)=0 (4.11) 

I— >oo 

for all / G S*A and all s G R. The uniform continuity of if) follows because L o $(/) G 
X R . And then 2) follows from (J4.ll)) . the uniform continuity and the equicontinuity of if), as 
follows: By uniform continuity there is 5 > so small that sup tgR \\fa_ x {f) — fa^ y {f)\\ < e 
when \x — y\ < 5. By equicontinuity of if) there is for each s G K, a 5 S g]0, 6[ such that 
su PteR \\fai T sif)) - Ail's' {f ))\\ < e when \s' - s\ < 5 S . Let )s{ — 5 Si , Si + 5 Si [,i = 1,2, ...,L, 
be a finite subcover of the cover ]s — S s , s + S s [, s G K, of K. Choose T > so large that 
\\ipt-siif) —fa° T Si{f)\\ < e for alH = 1, 2, . . . , L, when t > T. It follows then that 

sup\\fa_ s if)-fa (r,(/))|| <3e 

s&K 

when t > T. 

It follows from Lemma f4. 51 that we can always replace an asymptotically translation invariant 
asymptotic homomorphism with one which has the properties spelled out in Lemma l43l namely, 
uniform continuity and equicontinuity. Property 2) of Lemma [4.51 is then automatic. 

Lemma 4.6. Let (p = (y^) tgR : SA — ► B be an equi- continuous asymptotically translation 
invariant asymptotic homomorphism, and let M C SA be a pre-compact subset. It follows that 

i) lim^_ 0O sup xeM \\<p t (x)\\ =0. 

ii) For all e > 0, there is a T > such that 

\\<p t (x) -<p t (y)\\ < \\x-y\\ +e 
for all x,y G M and all t >T. 
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iii) For all e > 0, there is a T > such that 

\\(f t {x)(f t {y) - (pt{xy)\\ < e 

for all x,y G M and all t > T. 

iv) For all e > 0, there is aT > such that 

\\(ft(x) + <p t (y) - (p t (x +y)\\<e 

for all x,y G M and all t > T. 

v) For any e > 0, and any compact subset ifCI, there is a T > such that 

sup \\(p t -s{x) - <Pt{r,(x)))\\ < e 
for all x G M and all t > T. 

Proof. Left to the reader. 
Lemma 4.7. The diagrams 

Ext h (A,B® X) 
[[SA,B]] a!T ^[[SA,B®K]] a , T 

and 

Ext h (A,B ® K) 

CH T 

i[S A, B]\ T -^[[SA,B®K\] T 

both commute. 

Proof. As in the previous proof we will adopt the notation from above and from Section 121 Let 
(f = (tpt)teM. '■ SA — > B be an asymptotically translation invariant asymptotic homomorphism. 
By Lemma [4.51 we may assume that if has the properties spelled out there (for ■0). Set A(a) = 
J2i jezfi ( T i ( a i a j) ® a ) ® e ij- Let c be a strictly positive element in B. Then 

b = J2 2 ~ ]i]c ® e ™ 

is a strictly positive element of B <g> K which we may use to construct CH T (I(ip)). However, 
we consider instead 

b = J^2 Hl1 ® en, 

iez 

which in general is not an element of B ® X, only of M(B ® X). But bo has the following two 

properties: b ^o(A) CB®K and lim^oo bfi x = x for all x G -B <8> X. We can therefore find a 
sequence h < hi < h 2 < . . . of functions in C o ]0, 1] such that 

K+iK = K (4.12) 

for all n, and the sequence u n = h n (bo), n = 0, 1, 2, . . . has the properties 

a) lim^oo u n $ (a) — & (a)u n = for all a E A, and 

b) lim^oo u n x = x for all x G £> <S> X. 





16 



V. MANUILOV AND K. THOMSEN 



Set A = a/mo, A n = y/u n — u n -i, n > 1. The arguments from Section 12731 show that CH T oI[np] 
is represented by a translation invariant asymptotic homomorphism ip : SA — > 5 ® IK such that 



lim Vt(/®a)"^o(a) VA]/(t-tj) =0. (4.13) 
L i=o J 

Note that we can choose the sequence {tj}°? =Q in [0, oo) at will, as long as lim^oo tj = oo and 
lim, 7 _ i . 00 tj+i — tj = 0. This freedom is used as follows: For each % G 0, 1, 2, 3, ... , set 

ji = mm{k : h k (2~ 4 ) = l} . 

It follows from 1)4.12)1 that ji < ji + \ and from b) that lim^oo ji = oo. We can therefore choose 
{tj}j^ such that \im i ^ 00 tj i — = 0. With this choice, it follows from (|4.12j) that 



3=0 



(4.14) 



if we set = 0. Set Sj = tj,.,,i G Z, and note that lim^-too \ si — Si_x| = and lim.i^± 00 Si 
oo. It follows from (|4~T4]) that 



lim 

t— »oo 



_i=0 igZ 

for all / G C (R), and then from (Q3I) that 







lim 

t— ►oo 



^tU ® a) - ¥>» ( r i {oci0.jf{t - s^)® a)® 



for all / G C*o(M),a G A. Let /3 : R — > R be a continuously differentiable decreasing function 
such that f3(i) = = for all z G Z, i < 0, while /3(x) = — x, x > 0, and such that /?' is 
bounded. The last condition can be met because lim^-too Isj — Sj_i| = 0. Then 



lim 

t— >oo 



V>t(/ ® a) - E ^ ( Ti ( a * a i/(* ~~ £("))) ® a ) ® e i. 



0. 



Indeed, we claim that 



lim sup (rj (aiajfit - s^) ®a) -ifi (t { {a^f^ - /?(•))) <g> a)\\ = 0. 



t— >oo 



(4.15) 



(4.16) 



To see this, let e > and observe that (ai(Xjf(t — Sj)) = a a j-t/(^ ~ s i) is a pre-compact set 
in Cq(R). By i) of Lemma (4.61 there is a K < such that 



l^j (r; {(XiOtjf(t - s^) ®a)\\ < 



(4.17) 



for all i < K. Similarly, it follows from Ascoli's theorem, cf. e.g. Theorem A 5 on page 369 of 
that 



{n (a iaj f(t - /?(•))) : i G Z, t G R} = {«<)«;-*/(* -/?(•- »)) : i G Z, t G R} 



TRANSLATION INVARIANT ASYMPTOTIC HOMOMORPHISMS 17 

is pre-compact in Cq(R). By using i) of Lemma f4.6l again, we may assume, by decreasing K if 
necessary, that also 

||^ (n (a iaj f(t - /?(•))) ® a) || < e (4.18) 

for all i < K. It follows from the uniform continuity of /, and the fact that 
limbec sup^g^^] |sj — [3(x — i)\ — 0, that 

lim sup \\a aj-if(t - S;) - a aj_if(t - (3(- - = 0. 
t,j 

It follows therefore from ii) of Lemma 14. til that there is an L > so large that 

y i {T l (a i a j f{t-s i ))®a)-^ l (T i (a i a j f{t-(3{-)))®a)\\ <e (4.19) 
when i > L. Since 

lim sup \\Ti(aiajf(t - Si))\\ = lim sup ||rj (anaijf(t - /3(-)))|| = 0, 

K<i<L t^oo K<i<L 

we conclude from (j4~T7jl . (j4~T^|l and <P~TT?|> that (f4~Tfi|) holds. Hence (jUSj) holds. 

To proceed it is useful to apply the following statement, which is an abstract version of Ascoli's 
theorem. In fact, the proof is identical to the standard proof of Ascoli's theorem, as presented 
for example in [14j . Alternatively, it can be deduced from the version of Ascoli's theorem on 
page 81 of |]. 

Theorem 4.8. Let K be a locally compact H aus dor ff space, X a Banach space, and Cq{K,X) 
the Banach space of continuous X -valued functions on K that vanish at infinity, with the norm 
\\f\\ = sup {|| /(fc) || : k G K}. A subset M C Co(K, X) is pre-compact (i.e. M is compact) in 
C (K, X) if and only if 



a ) {/(^) : / ^ M} i s compact in X for all k G X , 

b) M is equi- continuous , i.e. for all e > 0, every k G K has a neighbourhood V such that 
\\f(k) - f(k')\\ < e for all k! G V and all f G M, 

c) the elements of M vanish equicontinuously at infinity, i.e. for all e > there is compact 
subset C C K such that \\f{k)\\ < e for all f G M and all k G K\C . 



Set now f3\{x) = Xj3(x) — (1 — X)x, and note that sup Ag [ 01 ] \\f3' x \ 
Theorem Ol that for any / G 5*^4 = C {R, A), the set 



< oo. It follows then from 



{aoa^f (t - Px(- -i)): j, i G Z, t G K, A G [0, 1]} 
is a pre-compact set in SA. We claim that as a consequence of this we have that 



lim sup sup 



t—>oo 



,fcez Ae[o,i] 



<Pi (n {outfit - p x {.)))) ifi {tj (a 3 a k g(t - &(•)))) (4.20) 



3& 



-(Pi (n (atia k fg(t - 



(4.21) 



for all f,g G SA. 
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To see this, note that by iii) and iv) of Lemma 14.61 there is a K > such that 

<fi (r< (aaatjfit - &(•)))) <fj (Tj (aja k g(t - &(•)))) 



-<Pi (r< (aiia k fg{t - &(•)))) 



< e 



(4.22) 



(4.23) 



for all AG [0, 1], k G Z when i > K. Since e > is arbitrary, (j4.20j) will follow if we can show 
that there is a T > so large that 



< e 



(4.24) 



\\<Pi (r< (ctiOtjfit - Px(- 
for alH < if + 1 and all A G [0, 1] when t >T. Since 

{a ai-i/(* -&(•-*)) : *%J eZ,t gR,Ag [0,1]} (4.25) 

is a pre-compact set in by Theorem 14.81 it follows from i) of Lemma 14.61 that there is a 
L < such that (l4~2"4]) holds for all t G M and all A G [0, 1] when i < L. Since 

Iimsup{||ao(s)aj-i(s)/(t-/9 A (s-«))ll : s ^ [-1, 1], L < z < if} = 0, 

the equi-continuity of y at ensures that 

Iimsup{||^(r i (a i a J -/(t-/3 A (.))))||: AG [0,1], L <i < K} = 0. 

t^oo 

We can therefore find T > such that ()4.24|) holds, proving (|4.20|) . Similar arguments show 
that 



lim sup sup 

t->oo i,j6ZAe[0,l] 



ifi {n {a.iOijf{t - /3a(0))) + Wi ( T i ( a i a jd{t - &(•)))) 



(ri (ajOj- (/ + ng) (t - /3 A (-)))) 



and that 



lim sup sup 

t_+0 °ijeEAe[o,i] 



^ (^ {0Ci0Ljf{t - &(•))*)) - ¥>j fa (oCiOCjfit - /3a("))))* 



(4.26) 
(4.27) 

(4.28) 



for all f,geSA,fiE C. For t G R, define $ t : -> J5 by 

*t(/)(A) = ^ - &(")))) ® ^, 



The continuity in A follows from another application of Theorem 14.81 and ii) of Lemma f4. 61 To 
see that that lim^_ 00 = use first the pre-compactness of ()4.25|) to find a K < such 

that 

(4.29) 



sup ||<pi (TiiaiCXjfit - (3 X { 



< e 



when i < K. Then observe that there is a c G M such that (3\(x — i) > c for all A G [0, 1], all 
x G [—1,1] and all i> K. It follows that 



lim 



sup \\a aij-if (t - /3x{- -i) 

XA>K 



0. 
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The equi- continuity of if at implies then that 



lim 

t^— oo 



sup (rj (anajf (t - f3 x (- 

X,i>K 



0. 



Combined with 1)4.29)1 this shows that \im t ^-oo &t(f) = 0, as desired. Together with (|4.2())l . 
(J4.26)) and ()4.28j) we see that ($t) teM : SA — > IB is an asymptotic homomorphism. We claim 
that $ is translation invariant. The algebraic condition, that &t-s = $ ( or s , is trivially satisfied, 
so it remains to show that $ is equi-continuous. To prove this, let C C SA be a compact subset 
containing the set ()4.25|) . Let e > 0. By equi-continuity of if and compactness of C there is 
a finite set g%, g2, • • • , fl'jv £ C and a 5 > such that IJj{^ e : — < |} 3 C, 
and sup t ||^t(/i) — (/^(s^H < e when — g;|| < 5. It follows sup 4 ||$t(/i) — $t(/)|| < 3e when 
|| h — f\\ < |, proving that $ is indeed equi-continuous. Thus <£> gives us a homotopy of 
translation invariant asymptotic homomorphism which thanks to (|4.15|) connects ip with the 
translation invariant asymptotic homomorphism if}' : SA — > I? such that 



$(/) = ^ ( Tj i^ifit + '))) ® e *i> 



/ G Note that 

2j (t, (aiajf(t + •))) <8> = 2J ft+(i-t) {oioOij-if{t H £)) <g> e 



Let e > 0. Since is equi-continuous at there is 5 > such that ||x|| < 5 =>- sup t ||</? 4 (x)|| < e. 
Since / vanishes at infinity there is a K > such that ||/(s)|| < <5 when \s\ > K — 1. It follows 
that \\aoaj-if(t + ■ — < 5 when \t — i\ > K, and hence that 



^ ifi (rj (aiajfjt + •))) ® ejj - Vt+(i-t) (a aj-if{t-\ z)) ® 

ij'ez i,jez,|t-i|<i<: 

It follows from Theorem 14.81 that 

{aoaj-i/Ct + • - i) ■ teR,i,jeZ} 
is a pre-compact subset of SA, so we can apply v) Lemma l4~o1 to conclude that 



< 3e. 



< e 



<£>i+(i-t) {a a^if{t H i)) ® ey - ^ ft ( T t (<*iaijf(t + ■))) ® 

i 1 jeZ,|t-i|<K' i 1 jeZ,|t-t|<K' 

I = ||aoa 3 -_i/(t + • — z)|| < S when \t — i\ > X, 



for all t large enough. Since \\r t (ctiCtjf(t + 
we find all together that 



4(f) ft in (<Xi<Xjf(t + ■))) ® e; 



< 7e 



for all t large enough. It follows from Theorem 14.81 that 

{74(0^)/: teR,i,jeZ} 
is a pre-compact subset of SA, so we conclude from i) of Lemma l4~o1 that 

lim y~] (p t (r t (a i o; i /(t+ •))) ® e# = 0. 
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It follows that if we set 



i, 3 i 



then ip" = {ipt) t gn '■ — > B is a translation invariant asymptotic homomorphism which 
asymptotically agrees with ip' and hence in particular is homotopic to if)'. 

Now define a continuous path {{3^} i( zz, A G [0, oof, of partitions of unity in C*o(R) such that 

/^(•) = ^(--A), ,->i, #(.) = a 2 l {- + A), z<-l, 



and 

Set 
and 

Note that 
and 



/ 3 o(-) = i-EH(-- A )+«-(- + A )) 



a. 



/T\Ag [o,i[, 

aq = 0, i 7^ 0, ojq = 1. 



a A a A = 0, > 2, 



for all A G [0, 1] and k E Z. For t E R, A G [0, 1], set 



(4.30) 



Since / vanishes at infinity we have that 

.Km sup{||n(a A a A )/|| : j E Z, A G [0, 1]} = 0, 

so the continuity of <p t at ensures that for any e > 0, there is a K > such that 



*t(/)(A)- X) <?* fa («W) /) ® e< 



< e 



for all A. Since A 



V 3 * ( r t (oiiOij ) /) <8> ejj clearly is an element of IB (g) K, we 
conclude that ^t{f) G /-B <8) IK for all t E R. Since the above approximation to ^t(f) can be 
made uniform in any compact subset of R, we see that 1 1— > ^t(f) is continuous. We claim that 
\I/ = ( 1 i r t) t6K : SA — > IS is asymptotic homomorphism. It follows from Theorem 14.81 that 

{T t (a$a$)f: t E R,i, j E Z, A G [0, 1]} 

is a pre-compact subset of SA. We can therefore conclude from i) Lemma 14.61 that 
linit_ + _ 00 = for all / G 5 A If we apply iii) and iv) of Lemma 14.81 instead of i), 

and use (|4.3U|) we find that lim^oo ty t (f)ty t (g) — ^t(fg) — for all f,g E SA, and similar 
considerations regarding linearity and self-adjointness show that \l/ is an asymptotic homomor- 
phism. Similarly, an obvious application of v) of Lemma 14.61 shows that \& is asymptotically 
translation invariant. Thus \I/ gives us a homotopy of asymptotically translation invariant as- 
ymptotic homomorphisms connecting ip" to s o tp and we have established the commutativity of 
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the first triangle. To obtain it for the second, it suffices to note that \I/ is translation invariant 
when ip is; the algebraic condition, ^t-s = ° t s , is trivial, and the equi-continuity follows 
from the same considerations we presented for $ above. 

By standard arguments s* : Ext h (A, B) -> Ext h (A,B <g> K) and s* : [[SA,B]] a>T -> [[5 A, 5 <g> 
K]] a r are both isomorphisms (of semigroups) when B is stable, so Lemma f4.4l and Lemma f4. 71 
yields the following: 



Theorem 4.9. Let A and B be C* -algebras, A separable, B o-unital and stable. 
[[SA, B]] atT ~ [[SA, B]] T as abelian semigroups, and 

CH T :Ext h (A,B)^[[SA, B\\ T 

is an isomorphism. 



Then 



Proof. It follows from Lemma f4. 41 and Lemma 14.71 that CH T : Exth{A,B) 
an isomorphism. It follows from Lemma [4.71 that the diagram 

Ext h (A,B <g> 



[[SA,B]] atT is 



[[SA,B]] atT 



[[SA, B}} 




[[SA,B 



[[SA,B®K)] a>T 

we conclude that the map 



commutes. Since the two s^-maps are both isomorphisms, 
[[SA, B]] T -> [[SA, B]} a>r also is. 

It should be pointed out that translation invariance occurs in other forms in other (related) 
constructions: In [3] Higson bases a proof of the Atiyah-Singer index theorem on the construc- 
tion of an asymptotic homomorphism T = (T^) we j loo - ) : Cq(T*M) — ► K(L 2 (M)), where M is a 
smooth manifold without boundary, equipped with a smooth measure, and T*M is the cotan- 
gent bundle of M. Since every vector space carries a canonical action r by the multiplicative 
group I 



VIZ. TAX) 



sx, 



so does T*M and in turn also Cq(T*M). It is easy to see that 
Higson's asymptotic homomorphism is asymptotically translation invariant in the sense that 

lim \\T" s (a)-T"T s (a)\\ = 

to — >oo 

for all a £ Cq(T*M) and all M + . The same is the case of many of the asymptotic homomor- 
phisms constructed in 0. 

As a final remark, let us point out that [[SA, B <S> K]] T is known to coincide with the E-theory 
group E(SA, B) in at least two cases: When A is nuclear and when A is a suspension. It 
remains unclear exactly how widespread this coincidence is. 
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